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Abstract—Runtime Verification (RV) verifies safety-critical
systems in real time, often under hard time and space constraints
that only become more restrictive as systems grow in complexity.
Equality Saturation (EqSat) is an algorithm that efficiently
optimizes programs via rewriting thus reducing their cost in
terms of time and memory. We propose applying EqSat to RV
to automatically reduce the resource usage of RV monitors,
enabling more efficient deployment in resource-constrained envi-
ronments. In particular, we target the flight- and space-certified
RV framework R2U2 and adapt EqSat for its specification logic,
Mission-time LTL (MLTL). We then extract a resource-reduced
MLTL formula from the output of EqSat using an Integer Linear
Programming (ILP) encoding and offer an alternative, more-
efficient greedy extraction method. We implement this approach
in a fully-automated toolchain that applies EqSat to an input
formula using the off-the-shelf tool EggLog, performs ILP-based
extraction via Gurobi, and outputs an MLTL formula optimized
for R2U2 resource usage. Experimental evaluation demonstrates
memory reduction for 61% of 1,177 real-world RV benchmarks
by an average of 22%. On balance, we find that applying EqSat
using the greedy extraction method and associative/commutative
rewrites disabled provides the best approach that effectively
reduces R2U2 resource usage while maintaining low optimization
overhead.

I. INTRODUCTION

Safety-critical systems such as spacecraft have restrictive
hardware, often with only kilobytes of memory to spare for
on-board verification. Real-time verification of other cyber-
physical systems such as autonomous aircraft is often similarly
limited by hardware constraints. Every byte and clock cycle
matters in these extremely resource-constrained environments
and could mean the difference between verifying such systems
successfully or not at all. Runtime Verification (RV) monitors
formal specifications in real time on systems with hard time
and memory constraints, but only if the RV monitor respects
those constraints.

R2U2 is an open-source, flight-certified, stream-based RV
framework targeting embedded systems, especially in the
aerospace domain, and has successfully contributed real-time
monitoring in such environments, including NASA’s Robonaut
2 [29], the CySat-I CubeSat [2], a sounding rocket control
system [22], ESA’s OP-SAT satellite [36], and others [20],
[25], [12]. R2U2 uses the RV specification language Mission-
time LTL (MLTL) [40], [31], a logic that balances expres-
siveness with computational efficiency. Many tools support
MLTL elicitation and analysis [44], [30], [18], [45]. Other RV

frameworks monitor similar stream-based formalisms, includ-
ing Hydra [39], CoPilot [38], Tessla [10], and LOLA [13].
Only three RV frameworks are flight-certified (CoPilot, LOLA,
R2U2) and one is space-certified (R2U2). However, these
systems become increasingly complex as technology advances,
generate more data in real time, and create more verification
tasks for domain engineers, presenting new challenges for de-
ploying RV within system constraints. Developing intelligent
methods that automatically configure constraint-respecting RV
monitors for such systems is essential for meeting these
challenges.

In parallel to RV development, Equality Saturation (EqSat)
has been growing in impact for decades, starting as a tech-
nique for compiler super-optimization [28] then defined as an
algorithm for generic term languages [42], resulting in a wide
range of applications [9], [11], [43], [48], [37], [47]. EqSat
uses an e-graph [34], a broadly-applicable data structure used
in theorem proving [14], to compactly represent equivalent
versions of the input program. Given a set of rewrites, EqSat
then applies the rewrites to the e-graph until saturation, i.e.,
when no more rewrites are applicable, resulting in an e-graph
that represents all programs equivalent to the input program
derivable via the rewrites. Finally, extraction produces an
optimized program equivalent to the input from the saturated
e-graph. Integer Linear Programming (ILP) is an effective and
complete way to perform extraction [43], [48] and there exist
efficient tools for solving ILP problems such as GUROBI [19].

EGG [46] improved EqSat and unified previous approaches
by offering a generic platform for user-defined term languages
and rewrites, addressing the ad-hoc nature of previous work.
EGGLOG [49] again improved EqSat and took unification
a step further by defining an input language for defining
term languages, rewrites, and cost functions. EqSat with
EGG/EGGLOG excels at program optimization, including in
hardware logic synthesis [9], datapath optimization [11], linear
algebra [43], tensor graphs [48], and floating point expression
accuracy [37].

The time has come to investigate how EqSat can address
the challenges of deploying RV on modern, complex systems.
Focusing on R2U2, as it is the only space-certified RV mon-
itoring framework, we propose leveraging the optimization
capabilities of EqSat and its mature tool ecosystem for
automatically reducing (i.e., shrinking) R2U2 monitor resource

https://doi.org/ This article is licensed under a Creative
Commons Attribution 4.0 International License

https://fmcad.org/FMCAD26
https://orcid.org/0000-0002-7671-2720
https://orcid.org/0000-0002-6718-2828
https://doi.org/
https://doi.org/
https://creativecommons.org/licenses/by/4.0/


usage by applying EqSat to MLTL. Current resource-reducing
algorithms for RV either modify the underlying monitoring
algorithm, not the specification itself, using control-theoretic
approaches [32], [23] or exploit algorithmic constructs that
impose complex relationships between temporal sub-formulas,
making it hard to add additional optimization algorithms like
EqSat [29]. The end result is a fully-automated toolchain that
uses verified rewrites to perform EqSat on an input formula
and extracts an optimized formula equivalent to the input,
offering an effective method for addressing the challenge of
configuring RV for resource-constrained systems.

Our contributions connect EqSat to real-time resource-
constrained RV, targeting R2U2, including

1) an adapted set of MLTL rewrites for EqSat;
2) an ILP-based extraction method;
3) a cheaper, greedy extraction method that provides an

efficient alternative while achieving similar memory re-
ductions;

4) an open-source toolchain implementing EqSat and the
extraction methods using EGGLOG and GUROBI;

5) an experimental evaluation demonstrating the usefulness
of EqSat on real-world RV problems.

After providing preliminary definitions of MLTL and EqSat
in Section II, we adapt EqSat to MLTL by defining the rewrite
set and some optimizations in Section III. Section IV defines
two methods for extracting an optimized formula from the
output of EqSat: an ILP encoding and a greedy alternative. We
implement our approach in Section V, including automatically
proving the correctness of each set of rewrites [1], and
experimentally evaluate it in Section VI over a set of 1,177
real-world RV monitoring problems demonstrating memory
reduction on 62% of benchmarks by an average of 22%. We
conclude with a discussion of the myriad of new research
avenues for EqSat and RV in Section VII.

II. PRELIMINARIES

A. Mission-time Linear Temporal Logic

Definition 1 (MLTL Syntax). The syntax of an MLTL formula
over a set of atomic propositions AP where p ∈ AP , i0, i1 ∈
N0 with i0 ≤ i1, and φ, ψ are MLTL formulas is defined as:

true | p | ¬φ | φ ∧ ψ | φ U[i0,i1] ψ

The closure [31] of an MLTL formula φ, denoted cl(φ),
captures the set of syntactic elements of φ, i.e., elements in
the Directed Acyclic Graph (DAG) representation of φ. Let
◦ ∈ {∧,U[i0,i1]}, then

cl(true) = {true} cl(p) = {p} cl(¬φ) = {¬φ} ∪ cl(φ)
cl(φ ◦ ψ) = {φ ◦ ψ} ∪ cl(φ) ∪ cl(ψ).

MLTL formulas are interpreted over finite traces. A trace π
is a finite sequence of states with length |π| ∈ N0, where
each state defines a set of atomic propositions that are true in
that state. We denote the state at timestamp 0 ≤ τ < |π| by
π[τ ] ⊆ AP and πτ the trace π starting at and including the
state at τ .

Definition 2 (MLTL Semantics). The satisfaction of an MLTL
formula by a trace π is defined recursively as:

• π |= true • π |= p iff p ∈ π[0] • π |= ¬φ iff π ⊭ φ
• π |= φ ∧ ψ iff π |= φ and π |= ψ
• π |= φ U[i0,i1] ψ iff |π| > i0 and ∃τ0.πτ0 |= ψ such that
i0 ≤ τ0 ≤ i1 and τ0 < |π| and ∀τ1.πτ1 |= φ such that
i0 ≤ τ1 < τ0.

We say two MLTL formulas φ,ψ are semantically equivalent
iff π |= φ ↔ π |= ψ for all finite traces π over AP . MLTL
keeps the standard operator equivalences from LTL, including
♢[i0,i1]φ = (true U[i0,i1] φ), φR[i0,i1] ψ = ¬(¬φ U[i0,i1] ¬ψ),
and □[i0,i1]φ = (false R[i0,i1] φ). To complete the MLTL
semantics, we define false = ¬true, φ ∨ ψ = ¬(¬φ ∧ ¬ψ),
and ¬♢[i0,i1]φ = □[i0,i1]¬φ.

Given a top-level MLTL formula φ and a sub-formula ψ ∈
cl(φ), ψ’s children C(ψ) are the set of immediate sub-formulas
of ψ and its siblings S(ψ,φ) are the set of formulas that share
a parent formula with ψ in φ. For example, in the formula φ =
ψ∧ξ, we have C(φ) = {ψ, ξ}, S(ψ,φ) = {ξ}, and S(ξ, φ) =
{ψ}. In the following, we abuse notation and assume that the
top-level operator is given when querying a formula’s siblings,
i.e., we use simply S(ψ). Let lb(φ) = i0 and ub(φ) = i1 if
φ = ψ U[i0,i1] ξ, otherwise lb(φ) = ub(φ) = 0.

The propagation delay of an MLTL formula defines the
necessary number of states to evaluate the formula in the best
and worst cases.

Definition 3 (Propagation Delay). [29] Let φ,ψ be MLTL
formulas. Let min(∅) = max(∅) = 0. Then the best- and
worst-case propagation delays of φ respectively are:

bpd(φ) = min(bpd(ψ) | ψ ∈ C(φ)) + lb(φ)

wpd(φ) = max(wpd(ψ) | ψ ∈ C(φ)) + ub(φ).

R2U2 requires storing verdict-timestamp pairs ⟨v, τ⟩ with
v ∈ {true, false} and τ ∈ N0 in case it evaluates one sibling
formula before another. To illustrate this case, consider the
formula φ ∧ ψ. If R2U2 determines the verdict of φ for time
i before it knows the verdict of ψ for that same time then
R2U2 will need to store that verdict of φ until it evaluates
ψ for time i. In the worst case, this requires waiting at most
wpd(ψ)− bpd(φ) timesteps. Generally, if φ has more siblings
than just ψ, we consider φ’s sibling with the largest wpd. The
minimum required memory (in number of verdict/timestamp
pairs) for monitoring a formula φ with R2U2 (as defined in
[29], [3]) is:

Mem(φ) = max(max{wpd(ψ) | ψ ∈ S(φ)}−bpd(φ), 0)+1. (1)

Each verdict-timestamp pair is represented using a machine
integer (e.g., 1 bit for verdict, 31 bits for timestamp).

In practice R2U2 monitors use node sharing to avoid
repeated computation [29], so the representation of φ is a
directed acyclic graph (DAG). To compute MemDAG(φ), we
sum the memory requirements of all syntactically distinct sub-
formulas of φ, i.e., the elements in cl(φ):

MemDAG(φ) =
∑

ψ∈cl(φ)

Mem(ψ) (2)



Rewrite Constraints

□[i0,i1]□[j0,j1]φ 7→ □[i0+j0,i1+j1]φ none

□[i0,i1]φ ∧□[j0,j1]ψ 7→ □[k0,k1](□[i0−k0,i1−k1]φ ∧□[j0−k0,j1−k1]ψ) k0 = min(i0, j0); k1 = k0+min(i1−i0, j1−j0)
(♢[i0,i1]φ) → ((ψ U[j0,j1] φ)∨□[k0,k1]ψ) 7→ (♢[i0,i1]φ) → (ψ U[i0,i1] φ) j0 = i0; j1 ≥ i1; k0 ≤ i0; k1 ≥ i1

(□[i0,i1]¬φ) ∧ (♢[j0,j1]φ) 7→ (□[i0,i1]¬φ) ∧ (♢[i1+1,j1]φ) i0 ≤ j0; j0 < i1; i1 < j1

(□[i0,i1]φ) ∧ (♢[j0,j1]¬φ) 7→ false i0 ≤ j0; i1 ≥ j1

(φ U[i0,i1] (φ ∧ ψ)) ∨□[i0,i1]φ 7→ ψ R[i0,i1] φ none

Fig. 1. A sample of the rewrite set chosen for EqSat. Gray rows denote rewrites defined in previous work [24].

B. Equality Saturation

An e-graph E = ⟨C,N, cr⟩ [35] contains a set C of
equivalence classes (e-classes) where each e-class c ∈ C
represents a set of e-nodes that are in N and cr ∈ C is the
root e-class. We denote the elements of c as nodes(c) ⊆ N .
An e-node n = f(c1, . . . , c|f |) is a function symbol f applied
to a list of |f | child e-classes. We denote the set of child e-
classes of n as children(n) = c1, . . . , c|f |. An e-class c
represents a term t if any e-node n ∈ nodes(c) represents t
and an e-node f(c1, . . . , c|f |) represents t = f(t1, . . . , t|f |)
if ci represents ti for each i ∈ [1, n]. Importantly, any two
terms in the same e-class are equivalent. The e-class that an
e-node n belongs to is denoted class(n) ∈ C.

Given a set of rewrites R with (t1 7→ t2) ∈ R, equality
saturation (EqSat) is the technique of applying all valid
rewrites to the terms of E until no more rewrites can be
applied. The e-graph is then considered saturated. Once an
e-graph is saturated, one can extract from the e-graph an
optimal term that is equivalent to the input by constructing
a term represented by the root e-class cr that minimizes a
language-specific cost function. For a detailed formalization
of e-graphs, EqSat, and extraction, see [46], [49].

We note here that one advantage of EqSat over traditional
term rewriting systems for optimization is that it sidesteps
confluence: the e-graph maintains a set of all previously-
seen terms regardless of rewrite order. Termination is still a
desirable property in both contexts [41].

III. ADAPTING MLTL REWRITES FOR EQSAT

While previous work has explored MLTL rewrites for re-
ducing minimum memory requirements for R2U2 monitors,
the rewrites were not designed for EqSat. One desirable
property of a rewrite set R for EqSat is enabling exploration
of as many relevant R-derivable formulas as possible without
blowing up the search space. This might include rewrites that
actually decrease the target metric to unlock the application
of otherwise unapplicable rewrites. Another desirable property
is compactness, i.e., fewer, more general rewrites ensure
the pattern-matching behavior of EqSat runs efficiently. For
example, the rewrite ♢[1,1]♢[1,1]φ 7→ ♢[2,2]φ can be captured
more generally with ♢[i0,i1]♢[j0,j1]φ 7→ ♢[i0+j0,i1+j1]φ.

A. MLTL Rewrites for EqSat

Previous work introduced 15 rewrites for MLTL formulas
(denoted general rewrites) and then proved each rewrite is
semantics-preserving and reduces or maintains the R2U2 re-
source requirements, i.e., MemDAG(ψ) ≤ MemDAG(φ) for
each rewrite φ 7→ ψ [24]. These proofs were hand-written and
did not offer an intelligent way to apply the rewrites.

Recent work defined a set of 157 rewrites (denoted FRET
rewrites) tailored to formulas derived from the structured
natural language supported by the NASA-developed Formal
Requirements Elicitation Tool (FRET) [1]. Many of these are
instances of the 15 general rewrites, such as in the example
demonstrating compactness above, or are derivable via some
combination of the general rewrites. 101 of the 157 are
“scoped” rewrites that are specific to the structure of FRET
requirements and are not easily generalizable.

We therefore combine and extend both sets to obtain 69
MLTL rewrites, including 17 propositional and 52 temporal
rewrites. This set contains the general rewrites, generalizes the
rewrites in the FRET set (except for the “scoped” rewrites),
and adds completely novel rewrites. Figure 1 provides a
sample of this set. The appendix contains the full set. While
we do not show the set to be terminating, experiments show
that EqSat always terminates with this rewrite set (without
associative/commutative rewrites).

B. Associativity and Commutativity

Associative and commutative (AC) operators (such as ∧/∨)
can be problematic when considering rewrites (in fact, the AC
matching problem [15]). For example, we cannot apply the
simplifying rewrite

(φ U[i0,i1] (φ ∧ ψ)) ∨□[i0,i1]φ 7→ ψ R[i0,i1] φ

to the formula □[0,10]p ∨ (p U[0,10] (p ∧ q)) because it does
not match the left-hand side of the rewrite exactly. We can
address this in EqSat by introducing a copy of the simplifying
rewrite with the operands of ∨ swapped. Alternatively, to
avoid having to introduce duplicate commutative versions
of all rules in our rewrite set, we include the commutative
rewrite φ ∨ ψ 7→ ψ ∨ φ. This flexibility comes at a cost: the
number of formulas derivable (and therefore number of e-
nodes introduced during EqSat) via AC rules is exponential



Fig. 2. (Left, blue) The first formula uses a 3-arity ∧ to represent ♢[0,10]p∧
♢[0,10]q∧♢[0,10]r where the second uses only a 2-arity ∧. The red text aside
each node denotes Mem(φ). The first formula has a total Mem of 37 and
the second 48. (Right, red) Similarly, the first formula uses a 3-arity ∧ to
represent p∧ q ∧♢[0,10]r where the second uses only a 2-arity ∧. This time
the first formula has a total Mem of 25 and the second only 16.

in the number of arguments to the AC operators. We offer the
ability to enable/disable AC rewrites; experiments (Section VI)
show that while enabling AC rewrites may result in memory
reduction, the computational cost is very high.

C. Multi-Arity Operators

Conjunction and disjunction admit definitions with variable
numbers of operands (i.e., arities). For example, the formula
p∧q∧r can have an AST representation using two ∧ operators
with two children each (i.e., AND(p,AND(q, r))) or a single
∧ operator with three children (i.e., AND(p, q, r)). Supporting
multi-arity ∧/∨ can lead to memory savings, although not
universally, as Figure 2 demonstrates [27]. We do not consider
higher arities as this significantly degrades performance of
EqSat, similar to AC rules, though in theory this could be
arbitrarily high.

D. Cycle Removal

A cycle in an e-graph represents an unbounded application
of the operators in the cycle. A cyclic term is invalid either
because terms must be finitely representable or because it
would be non-optimal because our aim is to minimize the
extracted formula’s cost. Because any e-node generated by
a rewrite that introduces a cycle will be of lower cost than
the original e-node, we mark such rewrites as subsuming. A
subsuming rewrite removes the original e-node from the e-
graph during EqSat (a feature supported by EGGLOG). We
detect such rewrites by checking if the rewritten term is in
the closure of the original formula, for example, □[0,0]φ 7→ φ
is such that φ ∈ cl(□[0,0]φ). Cycles may also appear during
EqSat due to other e-class merges, however, so while this
method may not remove all cycles from the final e-graph, it
will reduce its size.

E. Example Computation of MLTL EqSat

We now show an example of how EqSat applies to
MLTL. Consider the MLTL formula ξ = □[0,3]p ∧ □[0,5]q
and the pair of rewrites R = {□[0,0]φ 7→ φ,□[i0,i1]φ ∧
□[j0,j1]ψ 7→ □[k0,k1](□[i0−k0,i1−k1]ψ ∧ □[j0−k0,j1−k1]ψ)}
with k0 = min(i0, j0) and k1 = k0 +min(i1 − i0, j1 − j1).
Figure 3 shows the progression of the e-graph for ξ when ap-
plying R. The right-most e-graph is saturated (i.e., no rewrite

Fig. 3. The e-graph representations of □[0,3]p∧□[0,5]q include e-classes
(grey boxes, dashed outline) and e-nodes (colored boxes). (Left) The initial
e-graph representation of □[0,3]p ∧ □[0,5]q constructs one e-class for
each e-node. (Middle) The e-graph after applying □[0,3]p ∧ □[0,5]q 7→
□0,3(□[0,0]p∧□[0,2]q) creates new nodes for the new operators and places
the top-level operators for the original and rewritten formulas in the same
e-class. (Right) The e-graph after applying □[0,0]p 7→ p merges two
e-classes since the rewrite implies the terms’ equivalence. The self-loop
on the e-class represents the unbounded application of □[0,0] to p as in
□[0,0]□[0,0] . . .□[0,0]p. This e-graph is saturated and ready for extraction.

in R is applicable); the top e-class therefore represents all
MLTL formulas equivalent to ξ derivable via R.

IV. EXTRACTION

After performing EqSat, we must then extract from the
saturated e-graph an optimized MLTL formula equivalent to
the input. Others have explored extraction via reductions to
satisfiability checking [28], multi-objective optimization [47],
and Integer Linear Programming (ILP) [43], [48]. We present
both an ILP method as well as a cheaper, greedy extraction
method.

A. ILP-based Extraction
Let E = ⟨C,N, cr⟩ be an e-graph. We introduce sets of

Boolean variables to denote whether an e-node or e-class is
active for each e-node and e-class of E:

BN = {bn | n ∈ N} BC = {bc | c ∈ C}

where bn, bc ∈ {0, 1} for each bn ∈ BN , bc ∈ BC . Next
we introduce sets of integer variables for wpd, bpd, total cost
(Mem), and a topological ordering of e-classes:

IwpdN = {iwn | n ∈ N}, IbpdN = {ibn | n ∈ N},
IwpdC = {iwc | c ∈ C}, IbpdC = {ibc | c ∈ C},
IMem
N = {imn | n ∈ N}, ITC = {itc | c ∈ C}

The complete set of variables we declare for our ILP problem
is then

BN ∪BC ∪ IwpdN ∪ IbpdN ∪ IwpdC ∪ IbpdC ∪ IMem
N ∪ ITC .

We now define some helper functions to make defining our
constraints simpler. Let n = f(c1, . . . , c|f |) ∈ N and c ∈ C.
We define parents(n) as the set of e-nodes whose children
include class(n) and sibs(n) as the set of all e-nodes that
share a parent e-class p with n, but are not in the same e-
class as n:

parents(n) = {g(c′1, . . . , c′|g|) | class(n) ∈ {c′1, . . . , c′|g|}}
sibs(n) = {(s, p) | s ∈ nodes(c), c ∈ children(p),

p ∈ parents(n), c ̸= class(n)}.



Root := (bcr = 1) ActiveN :=
∧
n∈N

bn →
∧

c∈c1,...,c|f|

bc

 ActiveC :=
∧
c∈C

bc = ∑
n∈nodes(c)

bn


Topo :=

∧
(c,n,cn)∈T

itc > bcn · itcn where T = {(c, n, cn) | c ∈ C, n ∈ nodes(c), cn ∈ children(n)}

BPDN :=
∧
n∈N

(
ibn = min(ibc | c ∈ children(n)) + lb(n)

)
WPDN :=

∧
n∈N

(iwn = max(iwc | c ∈ children(n)) + ub(n))

BPDC :=
∧
c∈C

ibc = ∑
n∈nodes(c)

bn · ibn

 WPDC :=
∧
c∈C

iwc =
∑

n∈nodes(c)

bn · iwn


MemN :=

∧
n∈N

(
imn = max(max{bs · bp · iws | (s, p) ∈ sibs(n)} − ibn, 0) + 1

)
Valid := Root ∧ ActiveN ∧ ActiveC ∧ Topo Minimal := BPDN ∧ WPDN ∧ BPDC ∧ WPDC ∧ MemN

Fig. 4. The constraints for the ILP encoding include validity constraints (first two rows) and minimality constraints (next three rows). For BPDN /WPDN

with n = f(c1, . . . , c|f |), we define lb(n) = i0 and ub(n) = i1 if f ∈ {♢[i0,i1],□[i0,i1],U[i0,i1],R[i0, i1]}, otherwise lb(n) = ub(n) = 0.

Next, we present a set of named constraints for our ILP
encoding in Figure 4 and explain each of their meanings here:

• Root: The root e-class must be active.
• ActiveN , ActiveC: If an e-node n = f(c1, . . . , c|f |) is

active then each of c1, . . . , c|f | must be active and if c is
active then exactly one of n ∈ nodes(c) must be active,
otherwise none shall be active.

• Topo: To ensure the extracted term is valid we must
ensure there are no cycles (e.g., disallow infinite applica-
tions of □[0,0] or ¬). We therefore add a constraint that
asserts a topological ordering on the active e-classes.

• BPDN , WPDN : The propagation delays for each e-node
n and e-class c are such that ibn is the minimum bpd
and iwn is the maximum wpd of its child e-classes,
corresponding to Equation 3.

• BPDC , WPDC: The bpd and wpd for an e-class c is
the bpd and wpd of the active e-node in c where we
can take the sum of all active e-node propagation delays
since at most one e-node will be active.

• MemN : We constrain the possible values for the total
memory of each e-node, which reflects Equation 1.
When computing the sibling of n with the maximum
wpd, the optimizer will only consider active sibling nodes
whose shared parent with n is also active.

• Valid, Minimal: We categorize the constraints as either
validity (ensuring we can extract a valid MLTL formula)
or minimality (defining our objective function).

The objective function then minimizes the total cost of all
active e-nodes. We define the complete ILP problem as

minimize
∑
n∈N

bn · imn s.t. Valid ∧ Minimal.

After solving the ILP problem, we have an assignment to
each Boolean variable defined for each e-node and e-class
that satisfies the constraints and is minimal with respect
to the objective function. Let repr(c) = n ∈ N be the

representative of e-class c ∈ C where n ∈ nodes(c) and
bn = 1. Only one such n will exist due to ActiveC . We
define the recursive extraction function extr(c) that returns
an MLTL formula for an e-class c. Given an e-class c, let
repr(c) = f(c1, . . . , c|f |), then:

extr(c) = f(extr(c1), . . . , extr(c|f |)).

Then the final, output formula of the extraction is extr(cr).
For maximum transparency, we focus on the practical as-

pects of the work and experimentally validate the minimality
of the approach in lieu of a proof that the encoding is minimal.
For each formula φ of the 1,177 formulas we evaluated, the
ILP-extracted formula ψ had either equal or lower values
compared to MemDAG(φ). Proving that extr(cr) is minimal
is challenging due to the structure of the constraints on the e-
graph. Simply inducting on the structure of extr(cr) or the e-
graph is not sufficient since the memory for an arbitrary sub-
formula φ ∈ cl(extr(cr)) relies on all nodes it shares parents
with while also impacting those nodes’ memories as well. A
potential proof strategy may be to assume that some other
formula φ represented by cr has a smaller MemDAG, then
inducting on both φ and extr(cr) and showing that each sub-
formula must have equal MemDAG. We leave the theoretical
proof of the general-case minimality of the ILP encoding to
future work.

B. Greedy Extraction

Section VI will demonstrate that extraction via ILP is often
harder than EqSat itself. We therefore define an alternative
greedy extraction method. The key to this method is to define
a local cost function.

Definition 4 (Local e-node Functions). Let E = ⟨C,N, cr⟩
be an e-graph. A function cost(f(c1, . . . , c|f |)) is local if
its definition depends only on f and c1, . . . , c|f |. A function
cost(c) is local if its definition depends only on c.



We define a local cost function for each e-node, compute
the e-node in each e-class with the minimal cost, then
perform a greedy search of the e-graph starting from the
root e-class. This is the default extraction method natively
supported by EGGLOG. The drawback to this method is that
it does not consider node sharing; the cost of each e-node is
counted as many times as it appears in the output term.

Equation 1 is not local, since it refers to nodes’ siblings,
not just children. To address this, we first define approximate
values for wpd and bpd of e-nodes and e-classes, similar to
Definition 3. Let lb(f) = a and ub(f) = b if f is a temporal
operator with interval [a, b], otherwise lb(f) = ub(f) = 0.
The approximate bpd′ and wpd′ values for an e-node n =
f(c1, . . . , c|f |) are

bpd′(n) = min(bpd′(ci) | ci ∈ c1, . . . , c|f |) + lb(f),

wpd′(n) = max(wpd′(ci) | ci ∈ c1, . . . , c|f |) + ub(f).

The approximate bpd′ and wpd′ of an e-class c ∈ C are

bpd′(c) = max(bpd′(n) | n ∈ nodes(c)),

wpd′(c) = min(wpd′(n) | n ∈ nodes(c)).

Essentially, we take the tightest propagation delays of all
nodes in an e-class (highest bpd, lowest wpd). This may not
correspond to an actual e-node in the e-graph, however. For
example, if the e-nodes that represent formulas ♢[2,4]true and
♢[3,5]true are in the same e-class c then bpd(c) = 3 and
wpd(c) = 4, despite no such formula existing. Crucially, all
four of these functions are local.

We then define an auxiliary cost function cost′ for e-nodes
and e-classes. The cost of an e-class c is the cost of the e-
node in nodes(c) with minimal cost:

cost′(c) = min{cost′(n) | n ∈ nodes(c)}.

We then define cost′(n) with n = f(c1, . . . , c|f |) as follows:∑
c∈c1,...,c|f|

max{wpd′(ci) | ci ∈ {c1, . . . , c|f |} \ {c}} −
bpd′(c) + cost′(c).

Again, crucially, both these functions are local.
The cost function for an e-node in the root e-class

n ∈ nodes(cr) is cost(n) = cost′(n) + 1. This approximates
the minimum value of Mem(φ) for formulas represented by
the e-class class(n). Intuitively, cost′ operates the same as
Equation 1, except that it adds (an approximation of) Mem(ψ)
to ψ’s parent instead of assigning it to ψ.

Theorem 1 (cost Locality). cost(f(c1, . . . , c|f |)) is a local
function, i.e., its definition depends only on f and c1, . . . , c|f |.

The proof follows since all supporting functions are local.
The cost-extracted formula may have a Mem that is higher
than the input formula φ, since we assume ψ is a DAG.
Essentially, it’s possible that the extracted formula rewrites
some shared sub-formula ψ ∈ cl(φ) to a representation with
equal MemDAG but keeps ψ un-rewritten in some other part
of φ. This blocks the output formula from leveraging node

(sort IntvlSort)
(function Intvl (i64 i64) IntvlSort)
(datatype MLTL
(Bool bool) (Var String) (Not MLTL)
(Implies MLTL MLTL) (Equiv MLTL MLTL)
(And2 MLTL MLTL) (And3 MLTL MLTL MLTL)
(And4 MLTL MLTL MLTL MLTL)
(Or2 MLTL MLTL) (Or3 MLTL MLTL MLTL)
(Or4 MLTL MLTL MLTL MLTL)
(Global IntvlSort MLTL)
(Future IntvlSort MLTL)
(Until IntvlSort MLTL MLTL)
(Release IntvlSort MLTL MLTL)

)

(rewrite ; Constant folding
(And2 (Bool true) p) p

)

; G[i_0,i_1] G[j_0,j_1] p |-> G[i_0+j_0,i_1+j_1] p
(rewrite
(Global (Intvl a b) (Global (Intvl c d) p))
(Global (Intvl (+ a c) (+ b d)) p)
)

; G[i_0,i_1] p | G[j_0,j_1] p |-> G[i_0,i_1] p
; if a <= c and b >= d
(rewrite
(Or2 (Global (Intvl a b) p) (Global (Intvl c d) p))
(Global (Intvl a b) a)
:when ((<= a c) (>= b d))
:subsume
)

Fig. 5. The EGGLOG encoding defines a datatype MLTL and rewrites for
that datatype. Rewrite rules include a term to pattern match against, a term
to rewrite to, and an optional condition that must hold to apply the rule. The
final rewrite is subsuming since □[i0,i1]φ ∈ cl(□[i0,i1]φ ∨ □[j0,j1]φ).

sharing of ψ, resulting in a formula with higher MemDAG(φ)
overall. Experiments show that this infrequently occurs in
practice (16 out of 1,177 formulas), but one can simply discard
the optimization in these cases.

V. R2U2 RESOURCE-OPTIMIZING TOOLCHAIN

We implemented our methods in a new toolchain within
the formula compiler for R2U2, the Configuration Compiler
for Property Organization (C2PO) [24] 1 2. Given a set of
rewrites and an input formula, the toolchain proves that all
rewrites are valid (i.e., semantics-preserving), then performs
EqSat and either ILP or greedy extraction.

The toolchain uses EGGLOG for performing EqSat. Fig-
ure 5 gives our encoding of MLTL and a selection of rewrites
in EGGLOG. When using the greedy extraction method, the
toolchain also defines analyses for computing bpd, wpd, and
cost in the EGGLOG encoding and has EGGLOG perform
extraction via cost. Analyses are a feature of EGGLOG that
allow for computing local cost functions based on simple,
syntactic properties of the term language.

For the ILP extraction method, the toolchain has EGGLOG
output the saturated e-graph in JSON, then encodes that e-
graph into an ILP problem. The toolchain uses GUROBI [19]
for ILP solving.

1Updated code available at https://github.com/R2U2/r2u2/.
2Artifact available at https://doi.org/10.5281/zenodo.21521555.

https://github.com/R2U2/r2u2/
https://doi.org/10.5281/zenodo.21521555


Fig. 6. The implemented toolchain starts with a set of rewrites R and an
MLTL formula φ (left) and outputs a set of correctness proofs for R and an
optimized formula (purple boxes). Blue boxes denote external tools. Upon a
change to R, it proves each rewrite in R correct (top, shaded red background).
For EqSat and extraction, the greedy approach encodes the entire problem
into EGGLOG, which produces an optimized formula (middle, shaded blue).
The ILP approach encodes just the EqSat problem into EGGLOG to obtain a
saturated e-graph, then extracts a formula by solving the ILP encoding using
GUROBI (bottom, shaded purple). Optionally, the toolchain checks that the
output formula is equivalent to the input via a satisfiability query (dashed red
box).

Proving Correctness of R. Prior work presented an automated
technique for proving the correctness of a rewrite φ 7→ ψ [1].
A rewrite is correct if φ ≡ ψ, which can be proven by
showing that the MLTL formula ¬(φ ↔ ψ) is unsatisfiable
(along with constraints on any symbolic interval values). Let
SAT(φ) represent the First Order Logic (FOL) encoding for
checking the satisfiability of φ [31]. Then, for example, the
rewrite ♢[i0,i1]♢[j0,j1]φ 7→ ♢[i0+j0,i1+j1]φ is correct if the
FOL formula

∃i0, i1, j0, j1.SAT
(
¬
(
♢[i0,i1]♢[j0,j1]φ↔ ♢[i0+j0,i1+j1]φ

))
is unsatisfiable. Since this method proves φ ≡ ψ, we can
soundly apply any rewrite in either direction (i.e., either φ 7→
ψ or ψ 7→ φ). The toolchain uses CVC5 [5] and Z3 [14].

Of the 69 rewrites from Section III, the toolchain auto-
matically proved 62 correct within a 10 minute timeout per
instance. The following 7 rewrites timed out:

1) □[i0,i1]□[j0,j1]φ 7→ □[i0+j0,i1+j1]φ
2) ♢[i0,i1]♢[j0,j1]φ 7→ ♢[i0+j0,i1+j1]φ
3) ♢[i0,i1]φ ∨ ♢[j0,j1]ψ 7→ ♢[k0,k1](♢[i0−k0,i1−k1]φ ∨

♢[j0−k0,j1−k1]ψ) with k0 = min(i0, j0) and k1 = k0 +
min(i1 − i0, j1 − j0)

4) □[i,i]♢j0,j1φ 7→ ♢[i+j0,i+j1]φ
5) (♢[i,i]φ) U[j0,j1] (♢[i,i]ψ) 7→ φ U[i+j0,i+j1] ψ
6) (♢[i,i]φ) R[j0,j1] (♢[i,i]ψ) 7→ φ R[i+j0,i+j1] ψ
7) (φ U[i0,i1] (ψ ∧ ψ)) ∨□[i0,i1]ψ 7→ φ R[i0,i1] ψ

We suspect the FOL encoding of these formulas’ encodings
have alternating quantifier structures that are particularly chal-
lenging for CVC5 and Z3. It is also of note that CVC5 and Z3
proved other rules similar to those above, such as the rewrite
♢[i,i]□[j0,j1]φ 7→ □[i+j0,i+j1]φ (see unproven rewrite 4). We
emphasize these 7 are not incorrect, they merely timed out
during the automated equivalence check.

VI. EXPERIMENTAL EVALUATION OF OPTIMIZATION
STRATEGIES

We ran experiments on the Nova HPC cluster at Iowa State
University. Each node used AMD EPYC 9655 processors with

a minimum of 64 cores and 1.5TB per node running RHEL
9.6. For each benchmark, we ran with exclusive access to a
node and a maximum time of 1 hour and memory of 64GB.
That is, both EGGLOG and GUROBI could each use up to 1
hour and 64GB before a time/memory-out.

A. Benchmarks

We compiled benchmark sets of previously-developed
MLTL formulas from various sources for evaluation.

• Boeing WBS [7]: 360 MLTL formulas derived from a set
of real-world LTL formulas for verifying a Boeing Wheel
Brake System (WBS) design with interval bounds placed
on each temporal operator.

• NASA ATC [16]: 60 MLTL formulas derived from a set
of real-world LTL formulas for verifying a NASA Air-
Traffic Control (ATC) design with interval bounds placed
on each temporal operator.

• UTM [8]: 124 MLTL formulas from a set of MLTL
specifications for an automated UAS Traffic Manager
(UTM).

• MAVLink [33]: 7 MLTL formulas specifying behavior
to catch dangerous MAVLink Protocol commands and a
Denial of Service hijack attack.

• Fluxgate [17]: 6 MLTL formulas that monitor for a
fluxgate magnetometer buffer overflow error on an in-
flight UAS.

We also contribute a new benchmark set of 620 MLTL for-
mulas derived from 68 MTL specification patterns [4]. Every
unbounded MTL operator (e.g., p U q) had [0,M ] bounds
added. Each pattern then had up to three symbolic interval
values (i0, i1, and M ), from which we generated 5 formulas
with (i0, i1,M) ∈ {(0, 10, 10), (0, 100, 100), (0, 1000, 1000),
(10, 100, 100), (100, 1000, 1000)}. 14 patterns included prece-
dence chains, a sequence of propositions must hold within
some response time from each other. For example, the formula
for a chain of length 3 is p∧♢[0,i1](q∧♢[0,i1]r). We generated
5 variants of each of these formulas, with chains from length
1 to 5. In total, we collected 1,177 MLTL formulas.

B. Experimental Setup

To evaluate our proposed methods, we pose the following
research questions:

RQ1 What method is most effective for reducing memory for
R2U2 monitors while balancing computational cost?

RQ2 How do AC rewrites affect EqSat and extraction perfor-
mance?

RQ3 How does each method affect the worst-case execution
time (WCET) of R2U2 monitors?

RQ4 How does each method affect the memory requirements
for other MLTL monitoring techniques?

RQ5 Is there a relationship between e-graph size and perfor-
mance for ILP extraction?

To support answering these questions, we ran our toolchain
over each benchmark in four different modes: ILP extraction
with AC (I-AC), ILP extraction without AC (I-No-AC), greedy



Fig. 7. Histograms show the distribution of formulas across multiple metrics for all four modes compared to the baseline. For clarity, the plots omit all
formulas where a metric was equal to the baseline after optimization, i.e., when their difference was 0. All percentages were rounded to the nearest 5%,
after omitting zero-change formulas. More negative values (towards the right) are favorable compared to the baseline for all metrics. (Top left) All four modes
have roughly the same distribution in terms of percent difference in MemDAG versus the baseline. While most see small changes below 20%, some formulas
see drops in MemDAG as high as 90+%. (Top right) The ILP methods struggled compared to the greedy methods for reducing the size of SABRE monitor
encodings. (Bottom) All modes reduce the number of R2U2 instructions for a given formula most of the time, but occasionally see an increase by a modest
amount.

extraction with AC (G-AC), and greedy extraction without AC
(G-No-AC). We measure the total time to encode and run
EGGLOG (which includes both EqSat and extraction for the
greedy method) and GUROBI (only for ILP method). We also
measure the percent reduction between the baseline formula
φ and the extracted formula ψ for each benchmark (more
negative is better):

MemDAG(ψ)− MemDAG(φ)

MemDAG(φ)
· 100.

In practice, C2PO emits an R2U2-specific assembly lan-
guage that R2U2 executes to monitor a given MLTL formula.
To compare WCET between formulas, we therefore measure
the number of R2U2 instructions generated for the original and
optimized formulas. The lower the number of instructions, the
less time needed to evaluate each timestep, and the lower the
WCET. We do not compute concrete WCETs (e.g., in terms
of clock cycles) as each would be platform-specific.

To see how the technique applies to other monitors be-
yond R2U2, we consider the MLTL monitoring algorithm/tool
SABRE [26]. C2PO can generate SABRE monitors from
MLTL formulas in the form of executable C code. SABRE
monitors allocate the same amount of memory for all nodes
in the DAG of the input formula φ, essentially 1 bit per value
in wpd(φ). We also report the actual total allocated size in
bytes for each SABRE monitor.

Finally, we also report the size of the final e-graphs after
EqSat for each formula as reported by EGGLOG (in number
of e-nodes and e-classes).

C. Results and Discussion

RQ1: On balance, the greedy heuristic extraction method
without AC rewrites (G-No-AC) is the most effective mode,
as Figure 8 (left) and the MemDAG column of Figure 9
show: G-No-AC is very cheap to run (0.029s average runtime)
with no time/memory-out while still providing similar memory
reduction to the other modes. We do note that 16 (G-No-
AC) formulas saw an increase in MemDAG (see end of
Section IV), but in those cases, the user can simply disregard
the resulting formula. All modes contribute to the virtual best
(Min. MemDAG column of Figure 9), demonstrating that each
mode has advantages over the others in some situations. While
on average the expensive I-AC mode saw lower reductions in
MemDAG, the formulas that did see a reduction were reduced
the most (Figure 9, column ∆ MemDAG vs Baseline avg
% > 0%). Figure 7 illustrates the distribution of memory
reductions compared to the baseline, where most formulas saw
a modest reduction ≤ 20%, but some saw reductions as high
as 90 + % (these contained large conjunctions of □[i0,i1]φ).

RQ2: Enabling AC rewrites increases the optimization run-
time, frequently causing time/memory-outs (Figure 8, right),
and did not drastically improve memory reduction. The No-
AC modes see no memory-outs from EGGLOG, demonstrating
the cost of enabling AC for EqSat, and the ILP-No-AC mode
saw 186 fewer GUROBI timeouts than ILP-AC (Figure 9).
However, enabling AC rewrites can still be useful as it can
often lead to some reductions in MemDAG compared to the
No-AC modes.

RQ3: All modes successfully reduce the worst-case execution



Fig. 8. (Left) The percent difference in MemDAG (higher is better) versus optimization time (left is better) shows that the greedy methods achieve similar
decreases in MemDAG to the ILP methods while incurring a fraction of the computational cost. (Right) For the ILP methods, the size of the e-graph
correlates with whether GUROBI timed out on instances, where the AC instances tended to have larger e-graphs. ∼ 95% of the instances with e-node and
e-class counts less than 100 did not timeout.

Method MemDAG ∆ MemDAG vs Baseline # R2U2 Instr. # SABRE Bytes
avg median # min avg % avg % < 0% # < 0% # = 0% # > 0% avg median avg median

Baseline 3999.55 308 0 N/A N/A N/A N/A N/A 21.23 16 6250.91 966
I-AC 3875.74 265 44 6.92% 22.73% 357 815 0 20.81 15 6099.95 1138
I-No-AC 3490.01 233 80 11.37% 22.98% 580 592 0 20.27 15 6325.03 1108
G-AC 3727.20 238.5 114 9.49% 17.60% 632 540 0 20.02 14 5156.24 965.5
G-No-AC 3758.52 233 40 10.14% 19.23% 618 538 16 19.74 15 5258.63 915.5
VB 3409.28 231 N/A 13.72% 22.34% 720 452 0 19.38 14 5053.35 915.5

Fig. 9. Comparison of various metrics across the four modes compared to the baseline. The VB row reports the virtual best for that column, e.g., computes
the average MemDAG when considering only the method with the lowest MemDAG and separately for number of R2U2 instructions and SABRE bytes. The
bolded value in each column is the best for that metric (non VB). The first group of three columns (MemDAG) shows the average, median and number of
formulas that were strictly minimal compared to all other methods (e.g., for 35 formulas I-AC resulted in a strictly lower MemDAG than any other method).
The second group of five columns (∆ MemDAG vs Baseline) shows various metrics for the percent difference between that mode and the baseline. The avg
% column gives the overall average percent reduction, the avg % < 0% shows the average only including formulas with some reduction. The next columns
show the number of formulas with some reduction (< 0%), no reduction (= 0%), or increase (> 0%) in MemDAG from the baseline. The final two groups
give the average and median number of R2U2 instructions emitted for that formula and the size of the SABRE encoding in bytes.

Method Egglog Time Gurobi Time Par-2 Score
avg (# MO) avg (# TO) avg

I-AC 3.109s (75) 170.528s (233) 2402.898s
I-No-AC 0.013s (0) 61.772s (47) 348.044s
G-AC 0.089s (85) N/A 522.267s
G-No-AC 0.029s (0) N/A 0.029s

Fig. 10. Average runtimes and Par-2 scores for the four modes show that the
G-No-AC approach is the cheapest approach. The first and second columns
are average runtimes for all non-time/memory-out instances. (#TO/#MO)
indicates the number of time/memory-outs. EGGLOG never experienced a
timeout and GUROBI never experienced a memory-out. The third column is
the Par-2 score for each method, computed as the average of all instances with
time/memory-outs counting as 2 times the timeout, in this case 2 · 3600s =
7200s. Both AC modes and No-AC modes use the same rewrites for EqSat
respectively. We believe that G-AC saw 10 more MOs than I-AC despite using
the same rewrites because G-AC also uses EGGLOG for extraction, meaning
more data is embedded into the e-graph during EqSat (e.g., wpd′(n) for
each e-node n).

time (WCET) of R2U2 monitors by decreasing the number
of emitted instructions. The bottom histograms in Figure 7
show that the majority of formulas that had any difference
from the baseline saw reductions in the number of instruc-
tions. Although mostly modest reductions (∼1-4 instructions
removed), some formulas saw up to 14 instructions removed.
RQ4: The optimizations extend beyond R2U2 and reduce the
memory requirements for other monitoring tools like SABRE

in many instances. Figure 9 details this improvement, showing
the average SABRE encoding size in bytes drop from 6250.91
(baseline) to around 5200 for the greedy methods. Figure 7
(top right) shows that the ILP methods do not perform well
with respect to SABRE monitor size, sometimes more than
doubling the encoding size, although the greedy methods
perform decently.

RQ5: There is a direct negative correlation between e-graph
size and ILP extraction performance. The Figure 8 (right)
visually confirms this relationship: as the number of e-nodes
approaches 103 and beyond, GUROBI timeouts become fre-
quent (marked by triangles), particularly when using AC
rewrites. Across all four modes, roughly 71% of all formulas
had e-graphs with less than 100 e-nodes and 100 e-classes,
of which only around 5% experienced a time/memory-out.

VII. CONCLUSION

We now have multiple ways to optimize an MLTL formula
for RV monitoring, starting with EqSat then extracting with
either the ILP or greedy method. If the ILP method is too
expensive or an ILP solver is not available, the greedy method
is still effective and very cheap. In the rare case the greedy
method produces a formula more expensive than the input,
one can drop the optimization and use the input formula. Our



results demonstrate that the presented toolchain addresses the
problem of configuring RV monitors on resource-constrained
systems by automatically reducing the resource requirements
for MLTL formulas, without input from domain engineers.

Our work enables exploring similar optimizations for other
temporal logics such as LTL, LTLf, STL, etc. and applying
similar approaches to other problems such as model checking
or synthesis. For instance, applying EqSat to temporal logic
formulas with the objective of minimizing their automata
representations may prove effective. We may also consider
extending the method to richer logics that include type infor-
mation on the temporal operators (e.g., MLTL Multi-type [21])
where type information might enable further, domain-specific
rewrites. This approach may also be useful for optimizing
other temporal logic-based monitors such as AERIAL [6] or
HYDRA [39]. While the AC rules were often prohibitively
expensive, we might explore relaxing the saturation part of
EqSat, i.e., running the rewrites over the e-graph for a
bounded number of iterations instead.
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APPENDIX
Rewrite Constraints Bi-directional
¬true 7→ false none ✗
¬false 7→ true none ✗
φ ∧ true 7→ φ none ✗
φ ∧ false 7→ false none ✗
φ ∨ true 7→ true none ✗
φ ∨ false 7→ φ none ✗
¬(φ ∧ ψ) 7→ (¬φ) ∨ (¬ψ) none ✓
¬(φ ∨ ψ) 7→ (¬φ) ∧ (¬ψ) none ✓
(φ ∧ (ψ ∨ ξ)) 7→ ((φ ∧ ψ) ∨ (φ ∧ ξ)) none ✗
(φ ∨ (ψ ∧ ξ)) 7→ ((φ ∨ ψ) ∧ (φ ∨ ξ)) none ✗
φ→ ψ 7→ (¬φ) ∨ ψ none ✓
φ↔ ψ 7→ (φ ∧ ψ) ∨ ((¬φ) ∧ (¬ψ)) none ✓
φ ∧ (¬φ) 7→ false none ✗
φ ∨ (¬φ) 7→ true none ✗
¬(¬φ) 7→ φ none ✗
φ ∨ φ 7→ φ none ✗
φ ∧ φ 7→ φ none ✗
(□[i0,i1] φ) ∨ (ψ R[i2,i3] φ) 7→ (□[i0,i1] φ) ∨ (ψ R[i2,i1] φ) (i1 ≤ i3); (i2 ≤ i0) ✗
(φ U[i0,i1] ψ) ∧ (♢[i2,i3] ψ) 7→ φ U[i0,i1] ψ (i1 ≤ i3); (i2 ≤ i0) ✗
(□[i0,i1] ¬φ) ∧ (♢[i2,i3] φ) 7→ (□[i0,i1] ¬φ) ∧ (♢[(i1+1),i3] φ) (i0 ≤ i2); (i2 ≤ (i1 + 1)); (i1 <

i3)
✗

(□[i0,i1] ¬φ) ∧ (♢[i2,i3] φ) 7→ (□[i0,i1] ¬φ) ∧ (♢[i2,i0−1] φ) (i2 < i0); (i0 ≤ i3); (i3 ≤ i1) ✗
(□[i0,i1] ¬φ) ∧ (♢[i2,i3] φ) 7→ false (i0 ≤ i2); (i3 ≤ i1) ✗
(□[i0,i1] φ) ∧ (♢[i2,i3] ¬φ) 7→ false (i0 ≤ i2); (i3 ≤ i1) ✗
(φ ∧ ♢[i0,i1] ψ) → (ξ U[i0,i2] ψ ∨ □[i3,i4] ξ) 7→ (φ ∧ ♢[i0,i1] ψ) → (ξ U[i0,i2] ψ) i2 ≥ i1; i3 ≤ i0; i4 ≥ i1 ✗
(♢[i0,i1] ψ) → ((φ U[i0,i2] ψ) ∨ □[i3,i4] φ) 7→ (♢[i0,i1] ψ) → (φ U[i0,i1] ψ) i2 ≥ i1; i3 ≤ i0; i4 ≥ i1 ✗
(♢[i0,i1] ψ) ∧ ((φ U[i0,i2] ψ) ∨ □[i3,i4] φ) 7→ (♢[i0,i1] ψ) ∧ (φ U[i0,i1] ψ) i2 ≥ i1; i3 ≤ i0; i4 ≥ i1 ✗
(ψ U[i0,i1] (φ ∧ ψ)) ∨ □[i0,i1] ψ 7→ φ R[i0,i1] ψ none ✗
(□[i0,i1] φ) ∧ (□[i2,i3] ψ) 7→ □[i4,i5] ((□[i0−i4,i1−i5] φ) ∧ (□[i2−i4,i3−i5] ψ)) i4 = min(i0, i2); i5 = i4 +

min(i1 − i0, i3 − i2)
✗

(♢[i0,i1] φ) ∨ (♢[i2,i3] ψ) 7→ ♢[i4,i5] ((♢[i0−i4,i1−i5] φ) ∨ (♢[i2−i4,i3−i5] ψ)) i4 = min(i0, i2); i5 = i4 +
min(i1 − i0, i3 − i2)

✗

□[i0,i1] ♢[i2,i2] φ 7→ □[(i2+i0),(i2+i1)] φ none ✗
♢[i0,i1] □[i2,i2] φ 7→ ♢[(i2+i0),(i2+i1)] φ none ✗
□[i0,i0] ♢[i1,i2] φ 7→ ♢[(i0+i1),(i0+i2)] φ none ✗
♢[i0,i0] □[i1,i2] φ 7→ □[(i0+i1),(i0+i2)] φ none ✗
□[i0,i1] false 7→ false none ✗
□[i0,i1] true 7→ true none ✗
♢[i0,i1] false 7→ false none ✗
♢[i0,i1] true 7→ true none ✗
(♢[i0,i1] φ)∧ (♢[i2,i3] ψ) 7→ ♢[i4,i4] ((♢[(i0−i4),(i1−i4)] φ)∧ (♢[(i2−i4),(i3−i4)] ψ)) i4 = min(i0, i2) ✗
(□[i0,i1] φ)∨(□[i2,i3] ψ) 7→ □[i4,i4] ((□[(i0−i4),(i1−i4)] φ)∨(□[(i2−i4),(i3−i4)] ψ)) i4 = min(i0, i2) ✗
♢[i0,i1] φ 7→ ¬(□[i0,i1] ¬φ) none ✗
□[i0,i1] φ 7→ ¬(♢[i0,i1] ¬φ) none ✗
φ U[i0,i1] ψ 7→ ¬(¬φ R[i0,i1] ¬ψ) none ✗
φ R[i0,i1] ψ 7→ ¬(¬φ U[i0,i1] ¬ψ) none ✗
¬(♢[i0,i1] φ) 7→ □[i0,i1] (¬φ) none ✓
¬(□[i0,i1] φ) 7→ ♢[i0,i1] (¬φ) none ✓
¬(φ U[i0,i1] ψ) 7→ (¬φ) R[i0,i1] (¬ψ) none ✓
¬(φ R[i0,i1] ψ) 7→ (¬φ) U[i0,i1] (¬ψ) none ✓
□[i0,i1] □[i2,i3] φ 7→ □[(i0+i2),(i1+i3)] φ none ✗
♢[i0,i1] ♢[i2,i3] φ 7→ ♢[(i0+i2),(i1+i3)] φ none ✗
(□[i0,i1] φ) ∧ (□[i2,i3] φ) 7→ □[i0,max(i1,i3)] φ (i0 ≤ i2); (i2 ≤ (i1 + 1)) ✗
(♢[i0,i1] φ) ∨ (♢[i2,i3] φ) 7→ ♢[i0,max(i1,i3)] φ (i0 ≤ i2); (i2 ≤ (i1 + 1)) ✗
(□[i0,i1] φ) ∨ (□[i2,i3] φ) 7→ □[i2,i3] φ (i2 ≥ i0); (i3 ≤ i1) ✗
(♢[i0,i1] φ) ∧ (♢[i2,i3] φ) 7→ ♢[i2,i3] φ (i2 ≥ i0); (i3 ≤ i1) ✗
(♢[i0,i1] φ) ∨ (□[i0,i1] ¬φ) 7→ true none ✗
♢[i0,i0] φ 7→ □[i0,i0] φ none ✓
true U[i0,i1] φ 7→ ♢[i0,i1] φ none ✓
false R[i0,i1] φ 7→ □[i0,i1] φ none ✓
♢[i0,i0] (φ U[i1,i2] ψ) 7→ (φ U[(i1+i0),(i2+i0)] ψ) none ✓
(♢[i2,i2] φ) U[i0,i1] (♢[i2,i2] ψ) 7→ (φ U[(i0+i2),(i1+i2)] ψ) none ✓
♢[i0,i0] (φ R[i1,i2] ψ) 7→ (φ R[(i1+i0),(i2+i0)] ψ) none ✓
(♢[i2,i2] φ) R[i0,i1] (♢[i2,i2] ψ) 7→ (φ R[(i0+i2),(i1+i2)] ψ) none ✓
(φ U[i0,i1] ψ) ∧ (ξ U[i0,i2] ψ) 7→ ((φ ∧ ξ) U[i0,i1] ψ) i1 ≤ i2 ✗
φ U[i0,i1] (□[0,i2] φ) 7→ □[i0,(i0+i2)] φ none ✗
φ U[i0,i1] (♢[0,i2] φ) 7→ ♢[i0,(i0+i2)] φ none ✗
φ U[i0,i0] ψ 7→ ♢[i0,i0] ψ none ✗
□[0,0] φ 7→ φ none ✗
♢[0,0] φ 7→ φ none ✗
φ U[0,0] ψ 7→ ψ none ✗
φ R[0,0] ψ 7→ ψ none ✗
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